We theoretically investigate the unusual transmission property of in-plane elastic waves through systems of isotropic elastic zero-index-metamaterials (ZIM) slab embedded with solid defects. Both double-zero-index-metamaterials (DZIM) and single-zero-index-metamaterials (SZIM) are examined. Particularly, mode conversion does not occur when either longitudinal (P) wave or transverse (S) wave is scattered by the defects in a specific type of DZIM possessing near zero reciprocal of shear modulus  1 and near zero mass density  . Thus, P wave and S wave can be controlled independently by simply adjusting the parameters of the defects to achieve high transmission (cloaking) and total reflection (blocking). And an analytic model is proposed to explain the mechanisms of the total reflection. On the other hand, enhanced transmission is observed for the SZIM systems. Our analysis shows that the enhanced transmission is due to resonant modes arisen in the defects. In addition, we suggest a two-dimensional (2D) phononic crystal (PC), which has effective double-zero-index, to provide the possibility of achieving the intriguing transmission properties experimentally.
INTRODUCTION
In the last decade, metamaterials have attracted extensive research interests due to their ability to control electromagnetic (EM) wave in ways that fundamentally differ from natural material [1] [2] [3] [4] [5] . Recently, zero-index-metamaterials (ZIM) have become an attractive research focus. This is the category of metamaterials whose permittivity and permeability are simultaneously or individually near zero. As a consequence of the zero refractive index, the phase velocity of wave in ZIM can approach infinity, thus the phase of wave throughout a piece of ZIM is almost essentially constant. This unique property leads to many intriguing phenomena and applications, such as tailoring the phase pattern of radiation field [6] [7] [8] , tunneling of EM energy through ultra thin channels or bends [9, 10] , manipulating EM wave propagation through ZIM waveguides by tailoring the parameters of the dielectric defects [11, 12] , and enhancing nonlinear effects [13, 14] . Meanwhile, the concept of metamaterials has been extended to acoustic and elastic media. Much effort has been focused on negative index of refraction [15] [16] [17] [18] [19] , sub-wavelength imaging [20, 21] , and transformation acoustic [22] [23] [24] [25] [26] [27] [28] . Recently, acoustic ZIM have also drawn intense attention and various schemes have been proposed to realize them, such as acoustic waveguides loaded with membranes and/or Helmholtz resonator [29] [30] [31] , coiling up space with curled channels [32, 33] , and 2D acoustic crystals with Dirac-like cones [34] [35] [36] [37] . However, for the complexity of the scattering of elastic waves in solid structure, most of these works only considered acoustic ZIM, elastic ZIM [38, 39] still need to be further researched.
As is well known, when an elastic wave of either P or S type is incident on an elastic discontinuity, scattered waves of both types are produced, a process known as "mode conversion" [40] . Thus, one needs to consider the coupled P and S waves when dealing with the 2D in-plane scattering problems of elastic waves even if in the elastic metamaterials [22, 23] . However, here we show that, in a specific type of DZIM possessing near zero reciprocal of shear modulus  1 , near zero mass density  and ordinary bulk modulus  (denoted by typeⅠDZIM), mode conversion does not occur when either P wave or S wave is scattered by the embedded defects. Utilizing the constitutive relation of isotropic elastic solid, we find that reciprocal of shear modulus  1 approaches zero is the sufficient condition for mode conversion not occurring.
By simple adjusting the geometric and/or elastic parameters of the defects embedded in the typeⅠDZIM slab, high transmission (cloaking) and total reflection (blocking)
can be achieved for P wave and S wave independently. In contrast to previous schemes of elastic cloaking, which are realized for in-plane coupled mode or out-plane flexural mode [22] [23] [24] [25] , our elastic cloaking can be realized for purely P wave and purely S wave, respectively. It is also worth noting that, although the wavelengths of waves in typeⅠDZIM approach infinity, we still can find certain solid defects with proper parameters to block the incident wave. A simple analytic model is proposed to capture the essence of the physics of this total reflection. Another type of DZIM has also been investigated. This type of DZIM has near zero reciprocal of bulk modulus  1 , near zero mass density  and ordinary shear modulus  (denoted by typeⅡDZIM). Obviously, typeⅡDZIM has double near zero parameters only for P wave while single near zero parameter for S wave. We find that, unlike typeⅠDZIM, there is mode conversion when P wave is scattered by the defects in typeⅡDZIM. But, since the wavelength of P wave in typeⅡDZIM approaches infinity, there is little amount of mode conversion from P wave to S wave except the situation of the appearance of resonant modes in the defects. In addition, we also investigate the transmission characteristic of SZIM possessing either near zero reciprocal of bulk/shear modulus or near zero mass density. Analysis shows that only part of the incident wave can transmit through the SZIM slab without embedded defects and the transmission is inversely proportional to the width of slab. However, the transmission can be strongly enhanced if defects are embedded into the SZIM slab. The local resonant modes in the defects account for the enhanced transmission. Finally, we propose a 2D triangular lattice phononic crystal (PC) with double Dirac cones dispersion at the zone center, which can be mapped to an isotropic elastic material with effective zero reciprocal of shear modulus and zero mass density. Numerical simulations show that the PC system can be a good candidate to achieve the typeⅠ DZIM structure experimentally for its simple manufacturing requirements and no demand of any anisotropic material parameters.
FIG. 1. Schematic of the 2D structure with background medium (region 0 and 1), elastic ZIM (region 2), and a monolayer of cylindrical defects arranged periodically along y direction. The blue dashed line marks the unit cell studied.
The geometry of the 2D structure under consideration is illustrated in Fig.1 Comparative simulations for the typeⅠDZIM slab is removed (panels (e) and (f)).
The numerically simulated displacement field distributions of the incident waves that are totally blocked (panels (g) and (h)). The arrows denote the directions of the displacement in all panels. The simulation domain is terminated in the propagation direction with perfectly matched layers (PML).
First, we investigate the propagation characteristics of the typeⅠDZIM slab without embedded defects. The basic field equations for the in-plane elastic waves in an isotropic solid can be written as [40] 
for S wave and
for P wave, respectively. In typeⅠDZIM (region 2), as 2  diverges and thus 2 / 1  tends to zero, the velocity field Since the displacement field is the integral of the velocity field with respect to time, y u is constant too in region (2) for S wave incidence. While for P wave incidence, although 2  has finite value, 2  diverges thus ) ( even though the wavelengths of elastic waves in typeⅠDZIM approach infinity, certain defects with proper parameters still can be found to totally block the incident waves. In the following, a simple analytic model [42] is proposed to capture the essence of the physics of the total reflection. Let us consider using the case of incident P wave as an example, the derivation for incident S wave is similar. Suppose a plane harmonic P wave
is incident from left into the unit cell presented in 
while in region 1 the displacement field must have the form
where R and T are the reflection and transmission coefficients. In region 2, the displacement field maintain a quasi-static situation ( x u 2 = constant regardless whether there are defects). Then using the continuous boundary condition at x=d, we have And then a natural question to ask is how to obtain x u 2 =0. In the solid defects, the displacement field d u is described by the elastic wave equation 
The solutions for  and  may be written as
where
) (x J n is the nth order Bessel function.
The displacement continuity at the defect boundary requires that in the radial direction
and in the tangential direction
which means that in Eq. (10) 
where ij E are defined as E E E E  equals zero, the transmission coefficients of both incident S and P waves equal zero indeed. Thus, all the physics brought out by the simple model is consistent with that by the numerical simulation. It also should be noted that, for P wave, we cannot achieve total transmission (T=1) (Figs. 3(b) ) because the impedance In addition, we note that in the derivation above the periodicity of the defects has no effect on the realization of total reflection, thus total blocking can be achieved using single cylindrical solid defect. Fig. 4 , as an example, shows a switchable device that can tailor the radiation phase pattern for incident S wave and P wave be transformed into radiation waves with desired shape. For S wave incidence (Fig.   4(c) ), the rectangle as a whole vibrates in the horizontal direction since the displacement field is uniform in the typeⅠDZIM region, and therefore the radiation wave is plane P wave in the horizontal direction while it is plane S wave in the vertical direction. While for P wave incidence (Fig. 4(d) ), the rectangle as a whole vibrates in the vertical direction, and therefore the types of radiation waves exchange in the two directions. Having investigated typeⅠDZIM, we now consider the transmission property of the other type of DZIM. Possessing near zero reciprocal of bulk modulus  1 , near zero mass density  and ordinary shear modulus  , typeⅡDZIM has double near zero parameters only for P wave while single near zero parameter for S wave. In contrast to typeⅠDZIM, typeⅡDZIM exhibits very different propagation property because bulk modulus instead of shear modulus diverges. Although, purely P wave with uniform displacement field x u 2 can still propagate in the homogeneous typeⅡDZIM, coupled P and S waves will take the place of purely P wave if defects are introduced .
We can understand this difference using the constitutive relation of solid (Eq. (2)). In that provides a continuum spectrum as background, and the other is associated with the discrete resonant state that finally leads to an asymmetric line shape featured by a couple of dips or peaks in the spectrum. In general, the Fano-like spectrum could stem from two different mechanisms: the local resonant modes in individual structural units, and the collective lattice resonance effect. In the current case, the collective lattice resonance, i.e. the Wood's anomaly occurring at the wavelength near the structural period, obviously has no effect on the transmission as the wavelength of wave in type ⅡDZIM is much longer than the structural period. Therefore, the local resonant modes should be responsible for the Fano-like dips. Any resonance associated with a single cylinder should be reflected in the Mie scattering coefficients ll n T (for P wave to P wave scattering) with n being an integer that denotes the order of the channel for cylindrical scattering waves. In order to further distinguish the different propagation characteristics of the two types of DZIM, Figs. 6(a) and 6(b) show the numerically calculated displacement field distributions of the typeⅡDZIM slab embedded with steel defects to achieve high transmission and high reflection, respectively. In Fig. 6(a) , we choose the radius of the defect
which is away from the resonant radii ( Fig. 5(a) ). The plot demonstrates that the displacement field is no longer uniform and both exist (indicated by the arrow) in the typeⅡDZIM region. But, for the wavelength of wave in typeⅡDZIM approaches infinity and no resonant mode exist at this radius, the scattering is so weak that the incident P wave can transmit through the typeⅡ DZIM slab with little disturbance and preserve its P wave form. In Fig. 6(b) , we consider a defect with radius
, which is associated with the n=0 local resonant mode. In contrast to Fig. 2(h) , the displacement field inside the typeⅡDZIM region does not disappear and a strong monopole resonant mode concentrates in the cylindrical defects. Note that, as the displacement field is no longer constant in the typeⅡDZIM region, there is no restriction that the angular quantum number n of the displacement fields inside the cylindrical defect must take one. And thus the analytic model, which explains the essence of the physics of total reflection in typeⅠDZIM, can no longer be used here.
To fully understand propagation feature of various kinds of elastic ZIM, we study SZIM in this section. It is found that various types of SZIM have similar propagation properties, and thus only the result of the SZIM with near zero mass density is presented as an example. We start with calculating the transmission coefficient of the SZIM slab without embedded defects. For the geometry is very simple, the calculation is pretty straightforward:
for incident P wave and
for incident S wave, respectively. Eq. (17) Finally, we investigate the experimental feasibility of the theoretical proposal. In our previous work [38] , we have shown a 2D square lattice PC system exhibits Dirac-like cone dispersion at zone center by exploiting dipole and quadrupole accidental degeneracy. Such system has effective zero refractive index near the Dirac point for elastic waves. However, only one mode, which exhibits "super-anisotropy" [18] meaning that only S wave is allowed along certain directions while only P wave is along some other direction, is allowed near the Dirac point. Therefore, this PC system cannot be used to achieve the intriguing wave manipulation for P wave and S wave simultaneously, i.e. the incidence direction must be changed if the polarization vector changes from purely S wave to purely P wave or vice versa. In this work, we would like to design a 2D PC system to demonstrate the intriguing transmission phenomena for P wave and S wave simultaneously and independently. To ensure isotropic dispersions near the zone center, a triangular lattice [43] is used to replace square lattice this time. Fig. 8(a) shows the numerically calculated band structure for the in-plane modes of the 2D triangular lattice PC consisting of rubber ) and form a double Dirac cones. To illustrate the double cones visually, the three-dimensional dispersion surfaces near the double cones frequency are plotted in Fig. 8(c) . We note that the double cones are isotropic indeed which is ensured by the rotational symmetry of triangular lattices [43] . Further, to understand the physical nature of the eigenstates near the four-fold degenerate point, we show the displacement field distributions of these eigenstates in Fig. 8(d) . The eigenmode is a combination of doubly degenerate quadrupoles and doubly degenerate dipoles excitations. The group theory analysis supports that the double cones is induced by the accidental degeneracy of the quadrupolar and dipolar states [37] . We also note that the energy associated with displacement fields of the eigenstates mainly localize in the rubber cylinders (the wave velocity of rubber is lower than that of Si) and the frequency of four-fold degenerate point is fairly low. So, there is a possibility that we can employ an effective medium theory to describe the physics of the PC system. As the dispersions near the zone center are isotropic, the PC system can be described by three independent effective elastic parameters: the effective mass density ff e  , bulk modulus ff e  , and shear modulus ff e  which can be obtained using standard effective medium theory [44] . The results are plotted in Fig. 8(e) ). For the eigenmode is a combination of quadrupolar and dipolar states only (Fig. 8(d)) , ff e  does not exhibit resonant behaviors in the frequency region considered [44] . As . Compared to previous scheme to manipulate elastic waves [22] [23] [24] [25] 38] , our PC system can achieve manipulation for in-plane S wave and P wave independently and simultaneously. For the PC system does not require complex microstructures to realize anisotropic material parameters, it will be a good candidate to achieve experimentally. 
CONCLUSION
In summary, we show that, due to the near zero of reciprocal of shear modulus  1 , there is no mode conversion when either the in-plane P wave or S wave is scattered by general solid defects in a specific type of elastic DZIM (typeⅠDZIM). As a consequence, P wave and S wave can be manipulated independently by simply adjusting the parameters of the defects to achieve high transmission (cloaking) and total reflection (blocking). And, a simple analytic model is utilized to provide the condition of achieving the total blocking. Another type of elastic DZIM (typeⅡDZIM) is shown to have very different transmission property. Mode conversion occurs and Fano-like dips appear in the transmission spectrum. In addition, we show that only part of the incident wave can transmit through the SZIM slab while embedding defects into the SZIM slab can strongly enhanced the transmission. The local resonant modes in the defects result in the Fano dips in the spectrum of typeⅡDZIM and the Fano peaks in the spectra of SZIM, respectively. Finally, a 2D PC with double Dirac cones dispersion at the zone center is proposed to achieve the intriguing transmission properties for P wave and S wave independently and simultaneously. Our results provide new understanding of scattering of elastic waves by elastic discontinuity and thus enable novel way of controlling the propagation of elastic waves. We expect that our findings could have potential practical application in seismic protection and on-chip phononic devices.
